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ABSTRACT

A model using wake oscillators is developed to
predict the 2D motion in a transverse plan of
a rigid cylinder in a flow. This model of the
wake dynamics is validated on a single cylinder
for which we consider both transverse and in-line
response. The good agreement between the model
and the experimental results allows to use this
model as a simple computation tool in the predic-
tion of 2D Vortex-Induced Vibrations (VIV) and
after futher development Wake-Induced Oscilla-
tions (WIO) effects.

1. INTRODUCTION

Mooring and flow lines involved in offshore sys-
tems for oil production are submitted to vari-
ous solicitations. Among them the effects of cur-
rent are dominating. Vortex-Induced Vibrations
(VIV) and Wake-Induced Oscillations (WIO) on
closely spaced marine risers may lead to fatigue,
clashes and structural failures. Extended studies
have been conduced to describe and explain them
for spring mounted uniform cylinders in trans-
lation perpendicularly to their main axis (Sarp-
kaya, 2004). In the case of a pivoted cylinder with
uniform diameter (Flemming and Williamson,
2005) a similar response is observed with some
variations on the reduced velocity interval and
maximum response.

Experiments on model scaled tests with real
configurations for dual risers interaction in a uni-
form current were performed in the Ifremer flume
tank, within the framework of the project Clarom
CEPM CO 3007/04 in partnership with Doris
engineering, Saipem S.A., Institut Français du
Pétrole, Océanide, Ecole Centrale Marseille and
Total. The behaviour of two risers exposed to
steady current and excited by VIV and WIO
were studied (Germain et al, 2006). These tests
give a lot of information on how fluid interaction
between two cylinders of equal diameter in tan-

dem configuration can significantly modify their
structural response in term of amplitude and fre-
quency, compared to a single one (Gaurier et al,
2007a). Both in-line and cross-flow response have
been studied and presented as functions of the re-
duced velocity. Results demonstrate that wake
effects can be relatively strong. In almost all
the tested cases the upstream cylinder responds
like an isolated single one, whereas the vortex
shedding and synchronization of the downstream
cylinder can be strongly affected by the wake of
the upstream one. Those phenomenons are rela-
tively hard to predict.

In order to quantify those wake effects, we
developed a 2D phenomenological model of the
near wake based on Van Der Pol wake oscilla-
tor (Facchinetti, 2004 and Violette et al, 2007)
which describes the 2D motion of the cylinder
in its transverse plan. This simplified model of
the wake dynamics is here validated on a single
cylinder for which we consider the 2D response.
The model will be extended for the case of two
cylinders in interaction in a future work.

2. MATHEMATICAL MODEL

2.1. Dynamic equations in 2D

Initially, dynamic equations are only written for
a single cylinder in transverse motion and have
been generalised for a cylinder in free motion in
its transverse plan. For an oscillating cylinder

(mass m, volume V , velocity
−̇→
X ) submit to a cur-

rent described by:
−→
U = Ux(t) −→ex + Uy(t) −→ey , we

can write:

m −→ar =
∑−−→

Fext +
−→
fie +

−→
fic (1)

with −→ar =
−̈→
X −−̇→U the relative acceleration,

−→
fie =

−m
−̇→
U the inertial force and

−→
fic =

−→
0 the Coriolis

force.



The exterior forces
∑−−→

Fext contain the hydro-
dynamic forces, the spring force and possibly
structural damping forces:

∑−−→
Fext =

−−−−→
Fhydro +

−−−−→
fspring +

−−−−−→
fdamping (2)

with:

−−−−→
Fhydro =

−→
FD︸︷︷︸
drag

+
−→
FL︸︷︷︸
lift

+ ρV
−̇→
U − CmρV−→ar︸ ︷︷ ︸

potential theory

(3)

−→
FD = −1

2
ρSCD‖−̇→X −−→U ‖(−̇→X −−→U ) (4)

−→
FL = −1

2
ρSCL‖−̇→X −−→U ‖(−̇→X −−→U )⊥ (5)

−−−−→
fspring = −k

(−→
X −−→X0

)
(6)

−−−−−→
fdamping = −λ

−̇→
X (7)

and ρ the mass density, Cm the added mass coef-
ficient, CD the drag coefficient, CL the lift coef-
ficient, k the stiffness and λ the linear structural
damping.

In projection, with
−→
FL = −→ez ×−→FD, we obtain:





(m + CmρV )ẍ + λẋ + k(x− x0) =
1
2
ρS [CD(Ux − ẋ)− CL(Uy − ẏ)]×√
(Ux − ẋ)2 + (Uy − ẏ)2 + ρV (1 + Cm)U̇x

(m + CmρV )ÿ + λẏ + k(y − y0) =
1
2
ρS [CD(Uy − ẏ) + CL(Ux − ẋ)]×√
(Ux − ẋ)2 + (Uy − ẏ)2 + ρV (1 + Cm)U̇y

(8)
We can notice that without lift, this last equa-

tion is the generalized formula of Morison (Mori-
son et al, 1950).

Those previous forces are those in laminar flow,
without vortex. But in turbulent flow, we have
to add:

1. fluctuating forces created by vortex which
can be written in this generally decomposi-
tion:

−−→
FDf = −1

2
ρSCDf‖−̇→X −−→U ‖(−̇→X −−→U ) (9)

−−→
FLf = −1

2
ρSCLf‖−̇→X −−→U ‖(−̇→X −−→U )⊥ (10)

Expressions of CDf and CLf depend of the
model. In a first rough model, these coeffi-
cients are often approximated by sinusoidal
functions.

2. blockage drag which is the additional drag is-
sued from the transverse motion of the cylin-
der: this motion increases the apparent pro-
jected surface in front of the flow. We can-
not just adjust the drag coefficient by a fac-
tor because a rise of the relative longitudinal
velocity of the flow increases the steady drag
but does not increase the blockage drag. So
we can write, with a usual form:

−−→
FDb =

1
2
ρSCDb

√
U2

x + U2
y

[
Ux

Uy

]
(11)

Skop et al (1977) propose an empirical ex-
pression for this coefficient:

CDb = 1.16CD

[(
1 + 2

A

D

)
fex

fst
− 1

]0.65

(12)

where fex is the frequency of transverse oscil-
lation, fst is the vortex shedding frequency,
issued from the Strouhal number, and A is
the amplitude of the transverse motion.

Finally, we can write the final general equa-
tions:




(m + CmρV )ẍ + λẋ + k(x− x0) =
1
2
ρS [(CD + CDf )(Ux − ẋ)− (CL + CLf )(Uy − ẏ)]×√
(Ux − ẋ)2 + (Uy − ẏ)2 + ρV (1 + Cm)U̇x+

1
2ρSCDb

√
U2

x + U2
y Ux

(m + CmρV )ÿ + λẏ + k(y − y0) =
1
2
ρS [(CD + CDf )(Uy − ẏ) + (CL + CLf )(Ux − ẋ)]×√
(Ux − ẋ)2 + (Uy − ẏ)2 + ρV (1 + Cm)U̇y+

1
2ρSCDb

√
U2

x + U2
y Uy

(13)

2.2. Vortex forces

Following Facchinetti et al (2004), the vortex
forces could be modeled by Van Der Pol oscilla-
tors coupled with the acceleration of the cylinder:







C̈Df + εD 2ωst

((
2 CDf

CDf0

)2

− 1

)
ĊDf

+ (2ωCL
)2 CDf = AD(ẍ− U̇x)

C̈Lf + εL ωst

((
2 CLf

CLf0

)2

− 1

)
ĊLf

+ ω2
CL

CLf = AL(ÿ − U̇y)

(14)

where CDf0 and CLf0 are the amplitudes of
the fluctuating drag and lift coefficients, ωst is
the vortex shedding pulsation, issued from the
Strouhal number. Facchinetti et al (2004) and
Violette et al (2007) use AL = 12 and εL = 0.3 for
1D motion, while we use here: AL = AD = 10,
εD = 1.2 and εL = 2.5.

2.3. Analytic studies of data

For the accuracy of the model, the evolution
of hydrodynamical coefficients must be known
precisely. So, bibliographical data from Sarp-
kaya (1978), Sarpkaya (2004), Schlichting (1951),
Norberg (2001) and Cantwell and Coles (1983)
are fitted to obtain analytic formulas, versus
Reynolds number Re = UD/ν or reduced veloc-
ity Vr = U/(fcomD).

2.3.1. Drag coefficient

For Re = 0.1 to Re = 105, we can approximate
CD (15%) by:

log CD = 1.0444 log
Re0.246

10
log

Re0.318

10
(15)

For Re = 105 to Re = 4.105, CD is experimen-
tally known:

CD = 1.2 (16)

For Re = 4.105 to Re = 8.106, we can approxi-
mate CD (20%) by:

CD = 0.6+
[

0.873
log(Re)− 4.7

]12

−
[

0.873
log(Re)− 4.7

]2.923

(17)

2.3.2. Strouhal number

For Re = 50−107, we can approximate St (1.5%)
by:

St = 0.257 log
Re0.175

100
log

Re0.891

10
×[

log
Re0.309

10
− log2 Re0.172

] (18)

2.3.3. Added mass

For Vr < 4.5, we can approximate Cm (5%) by:

Cm = 77.2 10−3 V 2
r − 0.133 Vr + 1.03 (19)

For Vr ≥ 4.5, we can approximate Cm (35%) by:

Cm = 15250 e−2Vr−1.618
(

A

D

)2

+2.471
(

A

D

)
−1.532

(20)
If we consider the natural frequency fcom of

the system equal to the frequency of the vortex
shedding fst for the range of reduced velocity of
lock-in:

fcom =
1
2π

√
k

m + CmρV
= fst =

StU

D
(21)

we can refine the value of the added mass in the
lock-in region:

Cm =
1

ρV

[
k

(2πStfcomVr)
2 −m

]
(22)

This expression is connected with 19 and 20 at
the vertices.

2.3.4. Correlation length

Experiments show that, for turbulent shedding
flows, the vortex shedding does not occur in
phase over the whole span. Thus, the corre-
lation between two sectional fluctuating forces
separated by a certain spanwise distance s, de-
creases when s increase (Norberg, 2002). Assum-
ing spanwise homogeneity, the ratio γL between
the r.m.s. lift on a finite length l and the sectional
r.m.s. lift times l is (Kracker et al, 1974):

γL =
1
l

√
2

∫ l

0
(l − s)RLL(s) ds (23)

with:

RLL(s) =
FLs1 FLs2√
F 2

Ls1

√
F 2

Ls2

=
FLs1 FLs2

FLRMS s1
FLRMS s2

(24)
which is the Pearson’s correlation coefficient be-
tween the lift on the section s1 of the cylinder
and the lift of the section s2.

The correlation length is defined by Norberg
(2002):

ΛL =
∫ ∞

0
RLL(s) ds (25)



And experimental data show that it is possible
to write:

RLL(s) = e
− s

ΛL (26)

So we deduce:

γL =
√

2
l/ΛL

√
e−l/ΛL + l/ΛL − 1 (27)

γL is calculated from equations supplied in
Norberg (2002) which give the ratio ΛL/D and
so, we can calculate the lift on the entire cylinder
with the sectional r.m.s. lift FLRMS

. If we note
CLRMS

the sectional r.m.s. lift coefficient given
in Norberg (2002), we have:

FLRMS
=

1
2
ρSCLRMS

U2 (28)

2.4. Link with experimental data

To compare this model with our experimental
data (Gaurier et al, 2007a), we have to link it to
a pendulum motion of a rigid cylinder elastically
mounted in a flow. Considering little angles, we
can transform the pendulum equations in linear
translation equations. To do this, we have to use,
in the linear equation, the mass and the stiffness
linked with the slice of the cylinder considered
and located at z = 1.348 m. We use:

m =
I

z2
and k =

K

z2
(29)

with I the moment of inertia, K the angular stiff-
ness and m the equivalent mass and k the equiv-
alent stiffness.

We use a structural damping coefficient ζ =
1% in agreement with experimental free decay
test in calm water.

2.5. Algorithm

The numerical scheme used to solve this problem
is the implicit numerical differentiation formulas
ode15s of orders 1 to 5, from Matlab and es-
pecially designed for stiff systems (Ashino et al,
2000).

To solve equations 13 and 14, we need also to
know CDb and Cm, which are dependant of the
amplitude A and of the frequency of transverse
oscillation fex. To solve this dependency prob-
lem, the algorithm used makes iterative loops
while CDbi+1

− CDbi
and Cmi+1 − Cmi is greater

than a certain value, fixed here at 0.01. Then,
when CDb and Cm are converged, the stream ve-
locity is incremented and the motion achieved.

3. COMPARISON WITH
EXPERIMENTS

3.1. Free decay test

A free decay test is a good way to check the nat-
ural frequency calculated and to give a first vali-
dation of the model. Equations 14 are written for
relative flow velocity. So, we can used it to pre-
dict a free decay test in calm water. To do this,
we define a characteristic velocity of the cylinder
vc to calculate a Reynolds number different from
zero:

Reg =
D|U − vc|

ν
=

D

ν

∣∣∣∣U − fcom

√
x2

0 + y2
0

∣∣∣∣
(30)

with fcom the natural frequency in water and (x0,
y0) the initial position of the cylinder.

The figure 1 shows an excellent agreement for
both frequency and amplitude between the model
and the experimental results.
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Figure 1: Oscillations of the cylinder during a
free decay test. Dash line: transverse displace-
ment of the experimental cylinder, dash-dot line:
in-line and solid line: transverse displacements
of the cylinder of the model.

The initial transverse position is 0.8 D. The
mean hydrodynamical coefficients calculated by
the model during this test are: Cm = 0.98, St =
0.215 and CDb = 0. These values are agreed with
the classical bibliographical results.

3.2. Free cylinder in a flow

To validate the model in a large range of re-
duced velocity, we can compare the complemen-
tary characteristics: mean and r.m.s. displace-
ments between experiments and model.
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Figure 2: Mean displacements of the cylinder.
Transverse oscillations: N model, M experiments.
In-line oscillations: ¥ model, ¤ experiments.
The dash line is the quasi-static result.

On figure 2, the mean transverse displacement
is of course null for all the reduced velocities, con-
trary to the mean in-line displacement, which is
always increasing with the velocities. The change
on slope at Vr = 10 comes from the end of the
lock-in. This sudden gap arrives at a lower re-
duced velocity for the model (at Vr = 10) than
for experiments (at Vr = 11).
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Figure 3: Standard deviation of the displacements
of the cylinder. Transverse oscillations: N model,
M experiments. In-line oscillations: ¥ model, ¤
experiments.

On figure 3, the three branches introduced by
Jauvtis and Williamson (2003) are plotted on the
transverse displacements: the initial branch for
V r < 6, the upper branch for 6 ≤ Vr < 10 and
the lower branch for Vr ≥ 10. Comparing with

the experimental data, the gap between the upper
branch and the lower branch appears at Vr =
10 for the model, whereas it appear es at Vr =
11 experimentally. This difference comes from
the instabilities observed during experiments for
these velocities: the transition from the upper to
lower branch involves an intermittent switching
between two modes (Gaurier et al, 2007b).

Finally, in-line r.m.s. displacements seem to
be less in agreement with the experimental data
than the previous data. However, the compari-
son with bibliographical results like Jauvtis and
Williamson (2004) shows that the model repro-
duce correctly the in-line r.m.s. displacements for
Vr < 4, including the amplification of the motion
at 1.7 < Vr < 2.3 named the second instability re-
gion by Sarpkaya (2004). Model results are also
in relative good agreement for Vr > 10. However,
these displacements are not reproduced during
the lock-in. The origin of this difference comes
from the amplification of the amplitude of CDf0

which is not take into account here. Indeed, con-
trary to the amplitude of the fluctuating lift co-
efficient CLf0 , no bibliographical data were found
on this subject. So, this coefficient is considered
constant in the model.
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Figure 4: Hydrodynamical coefficients versus re-
duced velocity. •: Strouhal number, ◦: added
mass coefficient, M: drag coefficient, ¤: blockage
drag coefficient and +: reduced frequency.

It is also interesting to check the evolution
of the different hydrodynamical coefficients used
by the model, presented figure 4. The Strouhal
number is quite constant at 0.2 for the range of
the reduced velocities, which corresponds to the
bibliographical results. The evolution of added
mass coefficient is classical with a maximum at
Vr = 4.5 then a decrease until Vr = 10. The gap



at Vr = 10 comes from the variation of the am-
plitude of the transverse motion A/D. The mean
drag coefficient increases smoothly from 1 to 1.2
with the velocity. The blockage drag coefficient is
null for the lowest velocities, then there is a gap
for 1.7 < Vr < 2.3 because oscillations occur in
the in-line direction (figure 3) for the second in-
stability region. Then this coefficient is increasing
during the lock-in for 6 < Vr < 10 because of the
large transverse oscillations and finally decreases
smoothly, for Vr > 10. The frequency ratio f∗,
between the Strouhal frequency fst and the natu-
ral frequency in water fcom which depends of the
added mass variations, shows precisely the origin
of the lock-in with a plate at 1 between Vr = 4.5
and Vr = 9.5 and linear curves before and after
the lock-in.

4. CONCLUSION

The behaviour of a single cylinder submit to a
current had been modeled by a phenomenologi-
cal model based on Van Der Pol oscillators. After
the presentation of the model and the descrip-
tion of the used parameters, we have compared
the model results with some experimental data.
The comparison is relatively in good agreement
for the mean and standard deviation of the two
dimensional cylinder motions. The differences
come essentially from the poor set of data for the
fluctuating drag coefficient. Some specific exper-
imental tests should be conducted to solve this
problem.

Despite those imperfections, an extension will
be carried out in order to model wake effects of
two cylinders in tandem arrangement. The re-
sults will also be compared to experimental data.
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