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Summary

In this paperwe carryout the bifurcationanalysisof the Benney equation(BE). The
main resultof this analysisshows that the primary bifurcationof the BE is supercritical,
whenthe Reynoldsnumberis below a certaincritical value,andis subcritical,whenthe
Reynoldsnumberexceedsthelatter. Thesubcriticalstructureof BE is verifiednumerically
and further investigatedanalyticallyvia a two-modedynamicalsystem. This truncation
accuratelydescribessolutionsnearthe linearstability thresholdandyields theexact tran-
sition to subcriticality. Furthermore,theanalysisenablesdeterminationof a closedsubdo-
mainwithin thelinearlystableregiondescribingcoexistingtravelingwaves(TW) predicted
by thesubcriticalHopf bifurcation.Thewavesof larger/smalleramplitudearefoundto be
stable/unstable,respectively, andtheir transitionto bedefinedby asaddle-nodebifurcation.

Introduction

Benney [1] derived the nonlinearpartial differential evolution equationreferredto
nowadaysas the Benney equation. This evolution equationdescribesthe nonlineardy-
namicsof an interfaceof a two-dimensionalliquid film flowing on a fixed inclinedplane.
The BE hasbeenextensively studiednumericallyandanalyticallyover several decades.
Lin [4] carriedout a bifurcationanalysisof theBE andfoundthat theprimarybifurcation
is alwayssupercritical.He alsofound that the filteredwave satisfyingthe pertinentcom-
plex Ginzburg-Landauequation(CGLE)is sideband-stable.However, ourresultspresented
below disagreewith his resultsalmostin all aspects.

Preliminaries

We studytheBenney equationin theform givenby [2]

ht
�

2h2hx
� α � 8R

15
h6hx

� 2S
3

h3hxxx� x � O � α2 ��� 0 � (1)

whichdescribesthespatiotemporaldynamicsof thetwo-dimensionalliquid film of amean
thicknessd falling onastaticverticalplate,whenthephysicalpropertiesof theliquid, such
asdensityρ, kinematicviscosityν, andsurfacetensionσ arespecified.Hereh � h � x � t �
representsthenondimensionalfilm thicknessdependingon thedimensionlessindependent
spatialandtemporalvariablesx andt, respectively.

The systemparametersincludethe fundamentalgravity- andsurfacetension-related
dimensionlessparametersR � gd3 � � 2ν2 � � W � σ � � ρgd2 � � whichareReynoldsandinverse
capillarynumbers,respectively, andthesmallaspect-ratioparameterα � 2πd � λ beingthe
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ratio betweenthe averagefilm thicknessd multiplied by 2π andthe characteristicwave-
lengthof the interfacial disturbancesλ. The Reynoldsandthe rescaledinversecapillary
numbers,R andS � α2W, respectively, areassumedto beO � 1� . Thespace-timevariables� x � t � representthe correspondingphysicalspace-timevariablesstretchedby a small pa-
rameterα definedabove. Thewavelengthλ is chosenastheentirelengthof thesystem,so
thatsolutiondomainfor Eq.1is 0 	 x 	 2π. In what follows theflow is consideredin an
infinite spatialrange��
 ∞ � ∞ � with a2π-periodicity.

The linearizedversionof Eq.1 aroundits trivial solutionh0 � 1 readsin termsof a
smalldisturbanceof theflat film interfaceu � h 
 1

ut
�

2ux
� α � 8R

15
uxx

� 2S
3

uxxxx
� � O � α2 �
� 0 � (2)

To orderO � α2 � Eq.2hasa TW solutionwith thefundamentalwavenumberk0
� 1 in

theform u � x � t ��� Γexp � i � x 
 ct � � � Γ̄exp ��
 i � x 
 c̄t � � , whereΓ is a complex amplitudeof
the wave independentof x � t, c is the complex wave celerity given by c � cr

�
ici � cr

�
2 � ci

� α � 8R� 15 
 2S� 3� , andbarsdenotecomplex conjugates.Thesolutionh � 1 of the
BE in the periodicdomain � 0 � 2π � is asymptoticallystable(unstable)if ci � 0 (ci � 0),
which is equivalentto 8R� 15 � 2S� 3 (8R� 15 � 2S� 3). Theonsetof instability is oscilla-
tory via a Hopf bifurcation. At the instability thresholdof the system8R� 15 � 2S� 3 the
parametersof theproblemarelinkedby the relationshipα � αH ��� 4R� � 5W � . Beyond
the threshold,thefilm surfaceevolvesasa stationarywave propagatingdownstreamwith
thespeedcr .

Weakly nonlinear stability analysis of the Benney equation

We derive theComplex Ginzburg-Landauequationarisingfrom theBenney equation
1. In thevicinity of criticality givenby ci

� O � δ2 � which is equivalentto 8R� 15 
 2S� 3 �
O � δ2 � the critical wavenumberis k � 1, the slow independentvariablesare definedby
X � δx � T1

� δt � T2
� δ2t, whereδ measuresthedistancefrom criticality, andthesolution

of Eq.1is expandedin powerseriesof δ ash � α � x � t � X � T1 � T2
� � 1

� δη � α � x � t � X � T1 � T2
���

1
� δη1

� δ2η2
� δ3η3

�������
with η j

� η j � α � x � t � X � T1 � T2
� � j � 1 � 2 � 3 ����� .

Substitutingtheseinto Eq.1andcarryingout thesolutionorderby orderwe obtainat
O � δ �

η1
� Γexp � i � x 
 crt

� � � Γ̄exp ��
 i � x 
 crt
� � � (3)

wheretheamplitudeΓ � Γ � X � T1 � T2
� is to bedeterminedandcr is givenabove. At second

order in δ we obtain that Γ hasthe functional form of Γ � Γ � X 
 H2rT1 � T2
� , provided

that H2i
� O � δ � , whereH2 � H2r

�
H2i

� 2
�

8iα � 2R� 15 
 S� 3� . SubstitutingEq.3 into
the equationobtainedat third order in δ and eliminating its secularsolution we obtain
usingMATHEMATICA the following equationrelatedto the CGLE for the perturbation
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amplitudeΓ:

∂Γ
∂T2

�
iv

∂Γ
∂X


 c�iΓ � � J1r
�

iJ1i
� ∂2Γ
∂X2

� � J2
�

iJ4
���Γ � 2Γ � 0 � (4)

whereJ1r
� 
 8αR� 3 � J2

� 5� 2αR 
 12αR� 5 � J4
� 
 1 �

The characterof the perturbationdynamicsbeyond the linear regime dependssolely
on thesign of J2. WhenJ2 � 0, the saturationof the amplitudeΓ is ensured.This is the
caseof a supercritical(forward)bifurcation. WhenJ2 � 0, the saturationdoesnot occur
(if higherordertermsin Γ arenot accountedfor), andthecorrespondingcaseis thatof a
subcritical(inverted)bifurcation.

In view of thefact that theBenney equationto O � α � is beingconsidered,onemaybe
puzzledby the resultobtainedfor J2, asgivenabove, dueto the emergenceof powersof
α differing by two. However, the sameresultcontainingtwo termsof differentsignsis
obtainedwhenBE is transformedinto theequationdevoid of parameterα. Therefore,the
bifurcationaspredictedby theBenney equationis supercritical[subcritical] � J2 � 0 � J2 �
0� � if

R � Rc
� 5

2� 6α
�R � Rc

� 5

2� 6α
� � (5)

respectively. For instance,asfollows from Eq.5 in the caseof waterfilms the domainof
supercriticalbifurcationis locatedalongtheHopf curve for 0 � R � Rc � 8 � 3894,andis
subcriticalfor R � Rc. Thisresultwill beverifiedbelow boththeoreticallyandnumerically.

It shouldbe notedherethat the critical value of Rc from Eqs.5is O � α � 1 � , This is
formally outsidethe asymptoticrangeof R � O � 1� for which the BE wassystematically
derivedfrom theNavier-Stokesequations.However, it representsacharacteristicof theBE
andis furtherverifiedto bewithin theboundsof thedomainwheresolutionsof theBE are
boundedfor awaterfilm.

Numerical investigation of the Benney equation

In orderto carryoutavalidationof ourresultsobtainedabovefor thenonlineardynam-
icsof waterfilms, asdescribedby theBenney equation,we usetherelationshipbetweend
andα at thestability thresholdobtainedfrom Eq.5.Theseyield thatfor d � dc theprimary
bifurcationis supercritical,while for d � dc it is subcritical,where

dc
� � 5� 5

2� 3
� ν3σ1� 2
g2ρ1� 2 � 2� 11 � (6)

Uponintroductionof thephysicalpropertiesof waterinto Eq.6wefind thatdc
� 1 � 28976�

10� 2 cm.
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Figure 1: Variation of the wave amplitudeζ with E for various valuesof the
thicknessof the water film, as computedfrom Eq.1 and the modal Eqs.7, as

ζ ! 2 " a2
1 # a2

2. From Eq.1: squares-d ! 1 $ 1 % 10& 2cm, ' - d ! 1 $ 28 % 10& 2cm,( - d ! 1 $ 3 % 10& 2cm. Thesolid (dashed)curvescomputedfrom Eqs.7correspond
to stable(unstable)solutions: 1- d ! 1 $ 1 % 10& 2cm, 2- d ! 1 $ 28 % 10& 2cm, 3-
d ! 1 $ 3 % 10& 2cm,4- d ! 1 $ 32 % 10& 2cm. Theverticaldottedline correspondsto
thelinearstabilitythreshold,E ! 0. Thecurvesextendinginto thedomainof E ) 0
show subcriticalbifurcationin supportof our theoreticalpredictions.

Equation1 is numericallysolvedalongwith periodicboundaryconditionsin the do-
main0 	 x 	 2π andtheparametersR� Scalculatedfor waterfilms of varyingthicknesses
d rangingaroundthe critical value of dc given by Eq.6. The resultsof suchcomputa-
tionswererecentlypresentedin [5]. Bothregimesof travelingstationaryandnonstationary
waveswere found. Herewe areconcernedwith numericalvalidationof our asymptotic
analysisin thecaseof theprimarybifurcationof BE.

Figure1 displaysthe variationof the wave amplituderepresentedby the normalized
peak-to-peaksizeof the wave ζ � � hmax 
 hmin

� � � hmax
�

hmin
� with theaspectratio α, as

presentedin termsof themeasureof thedistancefrom criticality E � � αH 
 α � � αH , where
αH is the critical valueat the Hopf stability thresholdfor the specifiedfilm thicknessd.
Consistentlywith ourtheoreticalpredictionsmadeabove,thewaveamplitudeexpressedby
ζ tendsto anonzerovalueof ζ � 0 � 259whenα * αH in thecaseof d � 1 � 3 � 10� 2cm. The
branchof this curve thatextendsinto thedomainof negativeE correspondingto α � αH ,
which constitutesthelinearly stabledomain.This factprovidesthenumericalevidenceof
thesubcriticalsolutionandverificationof the theoreticalresults,Eqs.5.Furthermore,the
resultscorrespondingto d � 1 � 1 � 10� 2cm areconsistentwith the predictedsupercritical
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characterof theprimarybifurcationandthevalueof ζ decreasesto zerowith decreasingE
(ζ * 0 asα * αH ). Thecurvecorrespondingto d � 1 � 28 � 10� 2cmrepresentsasupercrit-
ical caseaccordingto Eq.5andbendsdown in thevicinity of E � 0, asif it werepointing
to thereferencepoint of thegraph.However, we notethatonecannotnumericallyresolve
thequestionwhetherit actuallyhits the referencepoint. Thus,in orderto further investi-
gatethe subcriticaldomainandits characteristics,we investigatea two-modedynamical
system.We notethat thesubcriticaldomain(locatedabove theHopf curve for R � Rc) is
particularlydifficult to determineasnumericalcontinuationmethodsemployed on pde’s
like Eq.1arecomputerintensive.

Stability analysis of a truncated bimodal dynamical system

In arecentpaper[3] demonstratedthevalidity of alow-ordermodalexpansionwith re-
spectto thenumericallysolvedBE. Furthermore,a two-modemodelwasfoundto coincide
with thenumericalsolutionalongtheHopf curve separatingtheregionsof linearstability
andof boundedsolutionsof the BE. Thus, in order to further investigatethe subcritical
domain,we investigatea truncatedtwo-modedynamicalsystemdeducedfrom theBE.

Considerasolutionof Eq.1in theform of a truncatedFourierseriesh � x � t �
� 1
�

∑N
n+ 1 � zn � t � exp � inx� � z̄ n � t � exp �,
 inx� � � Substitutingthis into Eq.1,truncatingit to N � 2,

representingthecomplex amplitudesin theform zn
� anexp � iθn

� , andemploying thephase
relationshipφ � 2θ1 
 θ2 yieldsto third orderof nonlinearity

ȧ1
� β111a1

� � β121cosφ 
 4sinφ � a1a2
�

a1 � β131a
2
1
� β132a

2
2
� �

ȧ2
� β211a2

� � β221cosφ � 4sinφ � a2
1
�

a2 � β231a
2
1
� β232a

2
2
� � (7)

φ̇ � �,
 2β121sinφ 
 8cosφ � a2
� �,
 β221sinφ � 4cosφ � a2

1

a2

 4 � a2

2 
 a2
1
� �

whereβnji
� α � MnjiR 
 NnjiS

� andMnji � Nnji areconstantsdeducedfrom Eq.1.

Traveling wavesof the systemcorrespondto fixedpointsof the reducedpolar Eqs.7
with aconstant,nonzerophasedifference� ȧ1

� ȧ2
� φ̇ � 0). Closeto theHopf bifurcation

we assumethatthemodalamplitudesarebothsmallandorderedasa1 * εa1 � a2 * ε2a2.
Thus,thephaseevolution is dominatedby thesecondtermin theright-handsideof Eq.7c

tanφ - � 4
β221

� const
�

O � ε2 � � β131a
2
1
� 
.� β111

� κ1a2
� (8)

wherea2 is determinedfrom aquadraticequation

κ1β231a
2
2
� � β111β231 
 β131β211

� κ1κ2
� a2

� β111κ2
� 0 � (9)

with κ1
� β121cosφ - 
 4sinφ - � κ2

� β221cosφ - � 4sinφ - .
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Recallthat theHopf bifurcationat thestability thresholdis definedby 8R� 15 � 2S� 3
which is β111

� 0. Consequently, theamplitudeof thenonzeroTW is deducedfrom Eq.9
to yield

a2
� � β131β211 
 κ1κ2

� β � 1
231κ � 1

1 � (10)

A zerovalueof a2 yieldstheboundarybetweenthesubcriticalandsupercriticalbifurcations
which is foundto beidenticalto thecriterionobtainedin Eq.5.

The domainof existenceof the subcriticalTW is delineatedby the zerovalueof the
discriminantof Eq.9. Stability of the subcriticalTW is determinedfrom the Jacobianof
Eqs.7at the correspondingfixed points. The lower of the two TW yields a positive real
eigenvaluecorrespondingto unstablesaddle-foci,whereasthe upperTW have negative
realpartsandarestablesinks. Therefore,asanticipated,thebifurcationpointsdefinedby
thezerodiscriminantaresaddle-nodes.Wenotethat[6] foundasimilarsubcriticaldomain
of TW in their investigationof travelingwavesof BE usingAUTO softwarefor waterfilms.
However, while our numericallyobtainedcurveof unboundedsolutionsof theBE tendsto
thelinearstability thresholdcurve from below, their curve for blow-up intersectstheHopf
curveat R � 8 � 9.
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