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An elasticity solution for functionally
graded beams using stress function
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Abstract An elagticity solution is obtained for a functionally graded beam subjected to transverse loads
by using stress function method. The young modulus of the beam is assumed to vary exponentially
through the thickness of the beam, and the Poisson ratio is held constant. By these assumptions the
elastic coefficients of the problem vary exponentially that allows an exact solution for the elasticity
problems By this method, all transverse loading that its intensity is zero at the two ends of the beam
can betreated..

Introduction

The concept of functinally graded materials (FGMs), i.e. composites with smoothly
varrying constitutive properties, was first suggested by Niino and coworkers at the
National Aerospace laboratory in Japan ([1, 2]). The Original idea was to manufacture
super heat resistant components for use in the engines and airframe of supersonic
plane, combining the heat resistance of ceramics with the structural properties of
metals, an optimal non-homogeneous distribution of the second phase ceramic
material was to be employed in this context.

On the analysis of non-homogeneous grade structures, there had been relatively little
investigation until recently. With the advent of FGMs though there has been a
renewed in inhomogeneous elasticity. Although FGMs are highly heterogeneous, it
will be useful to idealize them as continua with properties changing smoothly with
respect to the spatial coordinates. This will enable obtaining close-form solutions to
some fundamental solid mechanics problems. Aboudi et. al.[3, 4], developed a higher
order micromechanical theory for FGMs (HOTFGM) that explicitly couples the local
and global effects. Later the theory was extended to free-edge problems by Aboudi
and Pindera [6]. Pindera and Dunn [7] evaluated the higher order theory by
performing a detailed finite element analysis of the FGM. They found that the
HOTFGM results agreed well with the FE resullts.

There are other approximations that can be used to model the variation of properties
in a FGM. One such variation is the exponential variation, where the elastic constants
vary according to formulas of the type: c=c’¢". Many researchers have found this
functional form of property variation to be convenient in solving elasticity problems
[8]. For example, Sankar [9] obtained an elasticity solution for this type of
functionally graded beams. In this paper we analyze a FGM beam as considered in [9]
by a different method, using stress function. Also, we solve more Genera type of
loading than [12].

Elasticity solution

Consider the FGM beam shown in Fig.1. It must be noted that the x-axis is aong the
bottom of the beam. The length of the beam is L and thickness is h. The width of the
beam in the y-direction is taken as unity. The boundary conditions are like of a simply
supported beam that are explained latter. The bottom Surface of the beam (z=0) is
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subjected to normal traction with intensity equal to zero a the two ends. So, the
Fourier series of dhghg this traction can be written as:

O :_p(X):_Z aninUnX (1)

where 77 = nT” n=12,3,... 2

{ |

Fig.1. A FG Beam subjected to a arbitary loading that its intensity is zero at two ends.

The upper surface, z=h is completely free of tractions, and the lower surface is free of
shear tractions. In this paper the problem is more general than [12] that n is not
necessary to be odd, and the loading can be symmetric/antisymmetric or any
combination of them about the center of the beam. The loading given by Eq.(1) is of
practical significance because any arbitary normal loading that its intensity is zero at
x=0 and x=L, can be expressed as a Fourier series involving terms of the type

p,sinz;, X.
The differential equations of equilibrium are:
do,, 0T or,, Jdo
0X 0z 0X 0z

For satisfying these equilibrium equations it is sufficient that we have a arbitary stress
function ¢ and then the stresses are defined as:

2 2 2
o =90 o 90 , _99¢ @
oxoz

92 TR ox?
Now, we express all quantities as the sum of fractions which each fraction is related to
aspecifiec n. For example we have

0w =D O ©)
From the condition o, ,(x,0) = —p, sinn,x we conclude that:
0°¢, .
2 (X!O):_pnsnnnx (6)
oX
now by integrating, we have
f.(2) .
002 = 2D s s A, (D B,(2)+ 5,0, (0 @

where for satisfying (6), some restrictions must be considered for f,(0) and S, (0).

We must also have o,, =0 at the surface z=h, thus from relations (4) and (7) it is
concluded that
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ga(X) = sinz,X ©))
S, (h)
Now, we can rewrite relation (7) as:
6,62 =2 D siny x+ A (9x+ B, (2 ©)
where for satisfying (6) we must have
f.(0)=p,, f,(H=0 (10)
From (9) and (4) it can be obtained:
Orn = fo )smnnx+ A (2)x+B, (2 (11-a)
cos7, .
= —F@D A (2) (11-b)
O-zz,n == fn (Z) sin n.X (11—0)

Although each stress field that is resulted from stress function defined at (9), satisfies
equilbrium equations, in addition it is necessary that the resulting stress components
produce compatible strain field. In two dimensiona problems only compatiblilty

equationis:
2 2 2

agzxx+agf_zagxzzo (12)
0z OX X0z

We assume state of plain strain, thus:

£ 1 1-v -v O0}|o,
=ty -v 1-v 0jo, (13)

E
0 0 1|z,

b

N

Also, the moduli is assumed to vary exponentially as

E=E(2) = E,e” (14)

according to relations (13), (14), (12) and (4) it can be obtained

A9, _Mag¢n iy 9°, gL 6°p, _pY 2°9,
0z° ox*0z 0z° 1-v ox?

Now by inserting ¢,, from (9) in (15), it can be resulted

[fn""(z) -2, () - (202 - A2) £, (2) + 2402 f, () + (7715:12; +1775) fn(Z)}Sin’?nX

=0 (15)

(16)
+|A @ - 218 )+ A (2 +[B; (2 - 218, (2) + B, (2)] = 0
Asrelation (16) must be valid for all values of x, thus:
fo (2)-24f, (2 - (207 - A1) f, (Z)+2/177nfn(2)+(’7”/1 +1,)f,(2)=0 (17)
A (2)-24A, (2 + XA (2) =0 (18)
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B. (2)-24B, (2)+ A°B,(2) =0 (19)
At the two ends because of simply support condition we have:
w.(0,2) =w,(L,2)=0 (20)

0,102 =0,,(L,2)=0 (21)

where w is the displacement in z-direction.(also we define u as displacement in x-
direction). By considering (11-a) and w,,(0,z) = 0 from (21), it can be concluded

X,NX

Bn (Z) = bln Z+ b2n (22)
By considering (11-a), w,(0,2z) = L from (21) and (22), theresult is
A2 =a,z+a, (23)

By considering (12-b) and this fact that there is no shear at surfaces z=h and z=0, it
can be resulted

A(0)=0, A,(h)=0, f,(0)=0and f,(h)=0 (24)
from (24) and (26) it can be concluded that a, =0 or
A (2) = a,, (25)

Linear terms in stress function produce no stress. Thus by considering (25), (22) and

(9), we drop out linear terms and rewrite stress function as

o(x.2) =P sing, x 9)
n

n

relation (15) is a 4th order ordinary diffrential equation and its solution obtained from
combination of four independent term. For solving this equation we assume the

solution as f, (z) = e™* and insert it in the equation. Then we obtain a characteristic

equation as:
2 22 4

al -2a’ - 2(n? —i)af +2An’a, + [1— v +V—2”j77—” =0 (27)
2 n, )1-v

If (27) hasfour distinict real root, then we have

f =0, +p €+ p £+ p, " (28)

If there is multiple root, we have terms like x p,,€*** and if there is imaginary root,
we have termslike cosf x €* in (28).

Four unknown constants 0, 02+ Pnss Pns are determined from four conditions in (10)

and (24). By obtaining these constants, the stress field is then known using (11).
For obtaining displacement field we first calculate strain components. By assumption
state of plain strain, according to (11), (13) and (29) we have:

KT
b= Y| T Y paie +v(v+1)mee(“"iw}§”ﬂnx (29)
n So| My T i
£, = ZEi ED S e Ot (1-17)Y e _m}g”nnx (30)
n S0l Th i i
yzx = ZEZX = Z@{Z IOni ani e(am —ﬂ)Z:|COS77nX (31)
n 0 i

But ¢, = g—u, thus integration of (29) results
X
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[1 Ve > pyaienA? +V(V+1)me e 7 cosy, x+ L (z)} (32)
nn i

=2

By considering ¢,, = ?)_ and (30) we obtain
z

Onn

wo L EO {—V(V+1) Z yoxet e(al_,l)z _ (1_1/2)2% e(a,—/l)z}sinnx-l- m(X) (35)

but v, = (E + 5) and using (33), (34) and (35) results:

L(2)+m(x)=0

and thus:
L(z)=az+b (36)
m(x) = —ax+d (37)
now from (37), first in (21) and (35) we conclude:
d=0 (38)
and from (37), second in (21) , (35), 38 and sinzL = Owe conclude:
a=0 (39
therefor:
U = -1 {1 v? Z o 2@ J)Z+V(V+1)Z (o /I)Z:| b

= p,e CoS7mX + (40)

Eon| 7’

_ - V(V +) <« P (-0 2 4 @7 |

w Eo|: Z‘Of ﬁe (1-v )Zai_ﬂie }smnx (41)

now it is necessary only to consider a boundary condition for u, as a example
u(0,z) =0to determine constant b in (40) and then displacement field is known.

Resultsin [12] arevalid if u(%, z) = 0. If this condition considered and n assumed to

be odd number then, cos’?—L:O and b must be zero. In this state the assumed

displacement in [12] isvalid.

Conclusions

An elasticity solution is obtained for simply supported functionally gradient beams
subjected to sinusoidal transverse loading. The Poisson ratio is assumed to be a
constant, and the Young's modulus is assumed to vary in an exponentia fashion
through the thickness. Every loding that its intensity are zero at two ends, can written
in asinusoidal foureir series, and thus can be solved in this manner.

References

[1] Koizumi, M., 1992. The concept of FGM, Proceedings of the second International Symposium on
Functionally Graded Materials at the Third International Ceramic Science and Technology
Congress, San Fransisco.

[2] Niino, M., Hirari, T., Watanabe, R., 1987. Functionally gradient materials as thermal barrier for
space plane. J. Jpn. Soc. Comp. Mater. 13, 257-264.

[3] Aboudi J., Arnold S.M., Pindera M-J. Response of functionally graded composites to thermal

Proceedings of the 2004 International Conference on
Computational & Experimental Engineering & Science
26-29 July, 2004, Madeira, Portugal



Advances in Computational & Experimental Engineering & Science
Copyright 2004 Tech Science Press 1613

gradients. Composites Engineering 1994a; 4:1 18.
[4] Aboudi J., Pindera M-J, Arnold S.M., Elastic response of metal marix composites with failured
microstructures to thermal gradients. International J. Solids and Structures 1994b;31:1393 428.

[5] Aboudi J., PinderaM-J, Arnold S.M., Thermoelastic response of metal marix composites with
large-diameter fibers subjected to thermal gradients. NASA TM 106344, Lewis Research Center,
Cleveland, OH, 1993.

[6] Aboudi J., Pindera M-J, Thermoelastic theory for the response of materials functionally graded in
two directions with applications to the free-edge problem. NASA TM 106682, Lewis Research

Center, Cleveland, OH, 1995.

[7] PinderaM-J, Dunn P. An evaluation of coupled microstructural Approach for the analysis of
Functionally Graded Composites via the Finite Element Method. NASA CR 195455. Lewis
Research Center, Cleveland, OH, 1995.

[8] Suresh S., Mortensen A. Fundamental s of functionally graded materials. London, UK: IOM
Communications Limited, 1998.

[12] Sankar B.V., An elasticity solution for functionally graded beams, Composites Science and

Technology, Vol. 61, 689-696, 2001.
[13] S.P. Timoshenko and J.N. Goodier, Theory of Elasticity, 3" edition, McGraw-Hill, New Y ork,
1970.

Proceedings of the 2004 International Conference on
Computational & Experimental Engineering & Science
26-29 July, 2004, Madeira, Portugal



