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Summary 

An efficient method is presented for investigating transient response of 
axisymmetric cross-ply laminated cylindrical shells subjected to an impact load. In this 
hybrid numerical method, the laminated cylindrical shell is divided into layered 
cylindrical elements in the thickness direction. The Hamilton principle is used to 
develop governing equations of the shell. The displacement response is determined by 
employing the Fourier transformations and the modal analysis. The method is applied to 
analyze transient waves in axisymmetric laminated cylindrical shells, and its efficiency 
is demonstrated. 
 

Introduction 

Composite cylindrical shells have high strength and stiffness, low coefficient of 
thermal expansion and excellent corrosion resistance. Besides, they also possess an 
ease of fabrication, a relative low-cost process and well-adapted production. In the 
application of laminated cylindrical structures to aerospace, nuclear and automobile 
industries, analyses of transient waves in them are of very importance.  

There have been a number of research works on wave propagation problems 
related to composite cylindrical shells [1-5]. Recently Han et al. dealt with transient 
responses [6] of cylindrical shells made of functionally gradient materials, and 
characteristics of waves [7] in a functionally graded cylindrical shell. The hybrid 
numerical method [4-5] is one of the most efficient numerical tools for 2D or 3D 
transient wave analysis in composite laminated plates.  The efficiency is achieved by 
combining the finite element technique with the numerical Fourier transformation 
technique as well as the model analysis technique for dealing with the time integration.   

This paper presents a hybrid numerical method for calculating the transient 
response of laminated cylindrical shells. In this method, the laminated cylindrical shell 
is divided into layered cylindrical elements in the thickness direction. The Hamilton 
principle is used to develop governing equations of the cylinder. The displacement 
response is determined by employing the Fourier transformations and the modal 
analysis. This hybrid numerical method can reduce the number of elements, thus it has 
outstanding computation efficiency in the transient wave analysis of laminated 
cylindrical structures. 
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Basic Equation 

Consider a laminated composite circular cylindrical shell made of an arbitrary 
number of linearly elastic cross-ply shell-like plies. The inner radius and outer radius of 
the cylinder are denoted by 21  , RR  respectively, as shown in Fig. 1. Let x and z denote 
respectively the axial and radial coordinates. The cylinder is subjected to a radial line 
load of )(tf  uniformly distributed along the circumferential direction. Because the 
geometry of the cylinder and the load are independent of the circumferential direction, 
the problem is axisymmetric. 

 

 

 

 

 

 

 

 
 

 

Figure 1 A cross-ply laminated circular cylindrical shell. 

The stain-displacement relations are given by 

LUε =                           (1)                                     

where [ ]T
xzzx εεεε θ=ε is the vector of stains, Twu ] [=U is the vector of 

displacements, u and w are the displacements in the axial and radial directions, 
respectively, and L is the operator matrix given by 
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The operator matrix L can be rewritten as 
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where the radial coordinate is decomposed as zR +1 . The stresses are related to strains 
by  

cεσ =                                                                                                                   (4) 

where [ ]T
xzzx σσσσ θ=σ  is the vector of stresses and  
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c                                                                           (5) 

is the matrix of the elastic constants of the lamina whose expressions in terms of 
engineering constants are given in detail by Vinson and Sierakowski [8]. 

 

Dispersion equation 

With the above basic equations, we apply the Hamilton’s principle to derive the 
dispersion equation for the shell. In this study, we first use finite elements to model the 
radial displacement of the shell and then employ the complex exponentials to model the 
axial and circumferential displacements. In view of the heterogeneity of the laminated 
composite shell in the radial direction, an annular element shown in Figure 2 is used in 
the subdivision of the shell so as to achieve high computational precision. The 
thickness and inner radius of the nth element are denoted by nh  and nr , respectively. It 
can be found that the outer radius of the nth element is equal to nn hr + .  

Approximating the displacement field within an element as 

NdU =                                                                                                         (6) 

where N is the shape function matrix of second order given by 

])2(  )(4  )231[( 222 EEEN zzz-zzz −+−=                                                  (7) 

Here E is a 2 by 2 identity matrix and nhzz = , and d is the displacement amplitude 

vector at nn hzhzz ===  and 5.0 ,0  as follows: 
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Figure 2 Annular element subdivision 

The potential energy of the element in the absence of body force is given by  

∫ −+=
nh

T wqRdzzrV
0

22)( ππ σε                                                                           (9) 

The kinetic energy of the element is expressed in terms of the displacement 
vector as 
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Applying the Hamilton’s principle and assembling all the elements, a system of 
approximate differential equations for the whole cylinder is expressed as 

tttt t
dKdMq D+= &&                                (11) 

where  
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In these equations, the subscript ‘t’ denotes matrices or vectors for the whole 
cylinder. The matrices tttit i d q MA , vectors theand  ),2,1,0( = can be obtained by 
assembling the corresponding matrices and vectors of adjacent elements.  

 

Transient response 

We introduce the Fourier transformations with respect to the axial coordinate x to the 
equation (11) leads to 

tttt t
dKdMq ~~~ += &&                                                    (13) 
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where tqd ~  and  ~
are the Fourier transformations of tqd   and  , respectively, and 

tK is the stiffness matrix given by 

tttt ikk 012
2 AAAK ++=         (14) 

The modal analysis is used to obtain the Fourier transformation of the 
displacement vector. Solving the eigenvalue equation corresponding to equation (13), 
we can give the displacement in the Fourier transformation domain. Taking the 
inverse Fourier transformation, the displacement response in the space-time domain 
can be expressed by 
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The integration in equation (15) [4] can be carried out by using the fast Fourier 
transform (FFT) techniques.  

In the present study, the time history of the incident wavelet is given as 
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where dt  is the time duration of the incident wavelet and 
d

f t
πω 2= .  

 

Numerical results and Conclusions 

In this section, numerical results are presented for transient response of impact 
loads in a glass-carbon laminated composite cylindrical shell.  The on-principal-axis 
elastic constants of the shell are taken from Takahashi and Chou [9]. In the 
calculations, the dimensionless parameters introduced in [6] are used herein. 
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(a) HR 202 =                                                                   b) HR =2  
Figure 3 The time history of the displacement w at Hx 10=  on the upper surface  
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Figures 3 (a) and (b) show the time history of the axial and radial displacements 
on the outer surface of a glass-carbon ( )sCGC // cylindrical shell ( HR 202 = ) 
subjected to a radial line load defined by equation (16) uniformly distributed along 
the circumferential direction at 0=x , respectively.  

This presented HNM method is very effective to investigate the transient response 
in laminated cylindrical shells, the running time for 12 sub-layers cylinder only takes 
about 30 seconds. The efficiency is achieved by combining the finite element technique 
with the numerical Fourier transformation technique as well as the model analysis 
technique for dealing with the time integration. 
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