Advances in Computational & Experimental Engineering & Science
Copyright 2004 Tech Science Press 1596

A Micromechanics Model for the Elastic Propertiesof Carbon
Nanotubes

N-Yu, Z. H. Zhang

Summary

The elastic properties of a carbon nanotube (CNT) are estimated by using the double-
inclusion model, where one inclusion (the inner void) is embedded in the other inclusion
(the outer tubular shell). The calculated results agree with experimental data. The effects
of the tube diameter, length, and thickness on the elastic properties of CNTs are
examined.

I ntroduction

Nanomaterials receive extensive attention in recent years. Carbon nanotubes (CNTS)
are perhaps one of the namomaterials based on which practical applications might be
devel oped soon.

Existing works on estimating the Y oung modulus of CNTs are mainly based on beam
or shell thoeries. The double inclusion models based on elasticity theories are employed
in the present model to predict the elastic constants of CNTSs.

Basic Theories

Consider an ellipsoidal, €elastic matrix M , containing an €llipsoidal, elastic
inhomogeneity Q2. The matrix is embedded in an infinite elastic medium B . The elastic
moduli of Q, M , and B aregiven by

C? ifx e Q
C=C(x)=¢C"ifx e M (1)
C otherwise

One may replace the inhomogenieties by a reference materia with elasticity C and
prescribe transformation strains &> and &™ in Q and M , respectively, to
compensate the material mismatch[1]. The average stress and strain fields produced in
the double-inclusion V (=M U Q) when the infinity domain B is subjected to far field

strains £, are given by[2]
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<gij >Q - g + SIJan<g*Q>Q + ( |Jmn |Jmn)<g

<O-kI>Q Ck“]{glj +( ljmn ]1(43))<‘9*Q>Q +( i T Sl?nn)<g;1'\n/| >M} (2a, b)
<gij >M = giT + S\j/mn<g;1’\nﬂ >M ( |Jmn |Jmn)(<g <S;"\f >M)
f

(Sim = Sim)(m ) —(Em )} (33 b)

<O-k|>M Ckllj{gu +( ljimn T (Jiwsr)|)<gr’;1’\r/||>M + _ f

where the angle brackets represent averages, S* and S’ are Eshelby’s tensors of V and Q,
respectively.

Since the strain and stress fields must be preserved after homogenization, the
following constraint conditions must be satisfied:

k|lj{€lj + Sl?mn<g*g>9 +( |]mn |Jmn)<€*M >M}

= Cklij{gi?C + (Sl?mn - (45))<€ >Q +( 1jmn - Sl?mn)(‘g;:\:l >M} (4a)

Ck“I’i'j{e;"IJ +8’ (5;.“1"),\,'

1jmn

( dh |Jmn)(<‘9 >Q_<‘9*M> )}
_Ck“]{glj +( 1jmn ]1(43))< ( imn T |Jmn)(<€*Q>Q <8*M> )} (4b)

One can solve Eqg. (4a, b) for the transformation strains required for homogenization
in terms of farfield strainse”. Since

<‘9i? >v = (1_ f)<gi?>M + f<‘9i?>§2
(o =@~ )y + Tlog), (52, b)
substituting Eq. (2a, b) and Eq. (3a, b) into Eq. (53, b) yields

<gij >V _g + S.Ynn{f<g;§ql>g +(1_ f)<gr:1h1ﬂ>M}
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(Ol = Cklij{giT + (SI\]/rm - '(jlrlr?rz)[ f <5;§>Q +(1- f)<€;’r\1ﬂ Yul} (6a, b)
The effective elastic properties C of thedoubleinclusion V are defined by
(Ol = 6klij <5ij N (7)

The combination of Eg. (6a, b) and Eq. (7) gives

Cu = Cay 11 +(8Y -19):[B+ (- A, {1 + 8" :[1B+(1- 1) AlLh, (®)

i
where

A v :[%(CM 8 -Ccv:s°-C:8'+C:S")+(C:8'-C-C":9)

Jrﬁ(CM 8/ -C":8°-C:8' +C:S?)[C?:S* -C:(S”

—1“N(C:S' -C:S*-C”?:S' +C?:S)] L [—1 f . (c":s'

mnij
-C":S°-C:9' +C:S?)[C?:S” -C: (S -1 (C-C?)

-(C-C")l; 9)

ijipq

B, =[C?:S? —C:(S? 1)1 (C—C?),,, +[C":S* —C:(S°

1N w[C:(S' =S)-C%:(S' = S™"); A (10

Two candidate for the reference elasticity tensor C are selected: C=C" andC=C .

Results and Discussions

The elagtic properties of a single-crystal graphite are given by[3]: Cy; = Cx = 1060
GPa, C,= Cy = 180 GPa, C13= C23= 15 GPa, Cyu= C55= 4.5 GPa, C66: 440 GPa, and
the other elastic moduli are zero.
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Asitisindicated in Figure 1, where the diameter and thickness of CNT are assumed
to be 1.2 nm and 0.34 nm, respectively, the length of CNT does not affect Young's
modulus of CNT significantly. The relationship between Young's modulus and the
diameter of CNT is shown in Figure 2, where the length and thickness of CNT are
assumed to be 100 nm and 0.34 nm, respectively. The predicted Young's modulus
increasing with a decrease in tube diameter agrees with the available experimental data
[4~7]. It is noted that Young's modulus drops significantly when the CNT diameter is
longer than 1.2 nm. The relationship between CNT diameter and thickness, for a fixed
Y oung's modulus of 1000 GPais plotted in Figure 3, which agrees with the experimental

results[8].
840
— Cc=cM
s % C=Char
e
w
Xx y SE— X
830
0 50 100 150 200 250
L (nm)

Figure 1. Young's modulusvs. CNT length fort =0.34 nmand D = 1.2 nm
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Figure 2: Young's modulus vs. CNT diameter for t = 0.34 nmand L = 100 nm
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Figure 3: The relationship between CNT diameter and CNT thickness

for E = 1000 GPa
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Conclusions

In the present work, a CNT is modeled as a double inclusion and its elastic properties
are estimated using elasticity theories. The effects of tube diameter, length , and thickness
on the elastic properties of CNTs are examined.
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