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Geometrical Nonlinear Analysis of Thick Plates with Rotation
Fields by using Element-Free Galerkin Method

Yoshitaka Suetake', Masashi Iura®, and S. N. Atluri’

Summary

In this paper, we treat with a nonlinear analysis of thick plates with rotation field. A
moderately large rotation field is discussed here together with a small rotation field.
When we simplify the large rotation field, we can derive a quite plain theory for thick
plates, which is similar to von Karman’s one. Numerical calculations are performed by
using an element-free Galerkin method. The present EFGM is based on Lagrange
polynomials and does not involve weight functions. As a numerical example, we adopt a
nonlinear problem of thick plates, especially a snap-through problem of shallow convex
plates.

Introduction

Involving a rotation field plays a key role in nonlinear analyses of continua. The
variational formulations with rotation fields as variables have been extensively studied by
one of the authors and his coworkers, [1]-[3]. In plate and shell problems, it is also very
important to introduce rotation fields. Many authors have discussed a drilling rotation
[4]-[8] in nonlinear shell theories. The authors [9]-[10] also dealt with finite deformed
thick shell theories by introducing arbitrary rotation fields.

At this stage, it is quite interesting to overview a rotation field of thick plates and
nonlinear plate theories. Since the geometry of plates is simpler than shells, we can easily
overview the nonlinear theories of plates. Therefore we can easily make it clear what a
role the rotation fields play in the nonlinear theory. A lot of thick plate theories have been
presented by many authors [11]-[15]. Most of them are linear theories and do not involve
rotation fields.

In this paper, we introduce two different rotation fields: one is a moderately large
rotation field and the other small rotation field. Displacement fields are assumed to be
large in both cases. As a numerical example, we adopt a snap-through problem of shallow
convex plates. Then we employ an element-free Galerkin method (EFGM), which is
formulated by using Lagrange polynomial [16].
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Preliminaries

Let X, and X, to be position vectors of a generic point on the mid-surfaces before
and after deformation. The base vectors defined at X, are 4, (i=1~3), in which
A, ( =1or 2) are the in-plane base vectors and 4, is the normal to the mid-surfaces.

Since we deal with a plate geometry, we can assume that all the base vectors before
deformation are orthogonal and unit. At the same time, the base vectors in the
undeformed plate domain can be defined as G, = 4, .

Since x, = X, +u, , base vectors after deformation can be written as

Qa:i:()’a:X +£{)’a:‘ila+£{)’a=(§aﬁ+u0ﬁ”a)‘i‘ﬁ+u03’a 43’ (1)
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where u, =u, A, is a displacement vector on the mid-surface. On the other hand, when
we discuss a map of A4,, namely a,, a rotation field can be introduced. If we neglect
thickness change of plates, @, must be unit. Therefore the mapping of A, to a, can be
expressed by a rotation tensor R as

a,=RA,. )
In general, the rotation tensor R is written as

Smea_)xu]‘;%e@x(a_)xl). 3)

R=1+

where @ is a rotation vector and 6 = /@[ is a rotation angle [9]-[10].

We introduce here the Mindlin assumption, that is, a straight fiber normal to the
undeformed mid-surface is mapped into an another straight fiber after deformation.
Therefore a generic point X = X, +&;4, in the undeformed plate domain is mapped into

a point x = x, + ¢&,a, after deformation. Consequently, base vectors at the generic point
in the deformed plate domain is given by

g =a,+&a, , g=4a, (4)

Rotation Fields

The rotation tensor R represents a rigid rotation. In the rigid rotation process, we can

select arbitrary rotation paths. Namely, a rotation vector can be selected arbitrarily.
However, if we adopt the rotation vector @ so that it becomes a normal to the circle

made by the base vectors 4, and a; as shown in Fig.1, the rigid rotation can be
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determined uniquely. Then, since @ is perpendicular to a;, it
can be expressed by only two components:

w=0,4, ; 0 =) +(@)". )

a—ao

In this paper, we introduce two different rotation fields:
one is a moderately large rotation field and the other small
rotation field. In the moderately large rotation field, we neglect
higher order terms of @’ . Therefore we can approximate
Eq.(3) and obtain an approximate expression of a; :

ReI+oxI+ éa_) x(@x1I), (6) Fig.1 Rotation Vector
02
a; = a)21_41 _(0142 + (]_7)43 . (7)

Note that Eq.(7) satisfies the condition of @.a, =0 . In the small rotation field, we neglect
higher order terms of & in Eqgs.(6) and (7).

From Eq.(7), we obtain the derivative of a; in the moderately large rotation field as

4, ®)

‘a

Q500 = €5, @ ‘ilﬁ ~00,,4;= €y Oy

7oa

A —0,0

72a

where e,

obtained by neglecting the second term in Eq.(8).

is a permutation symbol. The expression for a,,, in the small rotation field is

Strain Components and Variational Principle

We employ the Green’s strain tensor as a strain measure here. If we assume that
uy @, u,,, we obtain the Green’s strain components on the mid-surface, ¢, , and

in the plate domain, &;,as follows:
1 1
Eoap ® E(u()ﬁ s Fllggop Fllpzog Upsog) 5 Eggs =gz ® E(ea/zwﬁ FUpsog) 5 Eg53 =0, (9)

Eup

S
R Eyap +73(ga;/a)7 g TE5 0, sa) s €as =E30 = Epsg _95360/3(% sa o €033 = 0. (10)
where the underlined term is negligible in the small rotation field. When we consider
initial deflection w,, the first of Eq.(9) is modified as
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b
Epap = E(u()ﬂ’a FUyysp TUss0 Upzs g TWyog Ugss g TUpsz0 Wysp ) (11)

By using these strain components, we obtain a total potential energy of thick plate
problems as

1 ¢b pa_ Et
szhhh:F%fﬂg+m%%+xpm%ﬁ
+D{p” + p,” +2vp,p, + 2(1=V)p,, "t + KGt{(uyy, +@,) + (Uyys, —@,) V]dEdn . (12)
1 1 —
[ ] (Xuy)dédn

where X, are components of a load vector and p,, p,, and p,, mean curvatures of a
plate defined as

PrEWy > Pr=0p; 5 Pp=E0.,=0,,). (13)

In numerical analyses, we discretize the functional (12) and derive a governing equation
through the variational principle.

Element-Free Galerkin Method

In the discretization process we use an element-free Galerkin method based on
Lagrange polynomial [16]. In the beginning we introduce a square support region (2
with a side length 2p around an evaluation

y

point (x,y) as shown in Fig.2. If (N +1)’ %
nodal points (x;,y,) (i=0~ N) are distributed Nif—| —31—1-—+1,
as lattice points in (2, we can express the i: [ 1
solution at (x,y) by using the following jl 1 \
Lagrange polynomial: HF;TF R %T R

NN X R EE

S(xy)= Z{;Z{;fg%(ﬂl//j(y) : (14) /] # |

- 0 AU !
where ¢,(x) and y,(y) are one-dimensional R s P ]‘\7
Lagrange bases, which satisfy the matching e % >
condition: ¢,(x;)=0, and v ,(y,)=05,. When

using Eq.(14), we can represent the solution and Fig.2 Two-Dimensional Support

its derivatives at the evaluation point by the following discretized form:

010, f(x,y)=B,.(x,») .f - (15)
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where f is a nodal value vector within the support (2 and B, are differential operation

vectors, which consist of the Lagrange bases and their derivatives. We should note that
the finite element subdivision is not required in the above discretization process.

Numerical Example

As a numerical example we adopt a snap-
through problem of a shallow convex plate as shown \P b
in Fig.3. Numerical properties of the model are as

follows: Poisson’s ratio v is 0.3 ; the width- -a 1,

thickness ratio ¢ =t/a is 0.6 ; the initial deflection / / O /a

at center point w,, /¢ is 1.0. The EFGM parameters

are as follows: total nodes are 1/x11=121; number £1. /b

of cells is 5 x5 =25 ; the support parameter p is 0.6  Fig.3 Shallow Convex Plate

; the order of Gaussian quadrature

is 8. In the nonlinear calculation

we adopt the displacement control 40 /'

scheme. 35 7 e thi phte /
Numerical results are shown 30 | /

in Figd, which shows the 25 - e
g4, | e thikphte yar

relationship between a non- I 20 °

dimensional ~ load  parameter 15 ...

I'=Pal/D and a non- 10 ....0..........

dimensional deflection d. =u,, /¢ Z (L ‘

at the center ppint_of t}_le plate. In 0 05 1 15 2 25

Fig.4, the solid line indicates a

result of a thin plate analysis and d c

the plots that of a thick plate
analysis. Apparently different results ~ Fig.4 Load-Deflection Curve of Snap-Through
are obtained from both approaches.
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